After a summary of a recently proposed new type of instant form of dynamics (the Wigner-covariant rest-frame instant form), the reduced Hamilton equations in the covariant rest-frame Coulomb gauge for the isolated system of N scalar particles with pseudoclassical Grassmann-valued electric charges plus the electromagnetic field are studied. The Lienard-Wiechert potentials of the particles are evaluated and it is shown how the causality problems of the Abraham-Lorentz-Dirac equation are solved at the pseudoclassical level.
I. INTRODUCTION
In a recent paper [1] a new type of instant form of dynamics [2] was introduced with special Wigner-covariance properties and was named "covariant rest-frame instant form".
The twofold motivations which led to its discovery were the problem of understanding the role of relative times in the description of N relativistic scalar particles [whose phase space coordinates are x The N particle system (starting with N free particle for the sake of simplicity) was reformulated on spacelike hypersurfaces Σ τ , all diffeomorphic to a given one Σ, foliating Minkowski spacetime (τ is a scalar parameter labelling the leaves of the foliation) following Dirac's approach to parametrized field theory [3] , subsequently extended to curved spacetimes by Kuchar [4] . In this way one adds an infinite number of configuration variables, the in this 1-time description every particle has a well defined sign η i = ±1 of the energy and we cannot describe simultaneously both times like in the N-times description.
The standard Lagrangian of N free paerticles was rewritten in terms of η i (τ ),˙ η i (τ ) = normal and tangent to Σ τ [all functions of the z μ r (τ, σ)]: the component of ρ µ (τ, σ) along the normal is the particle energy-density on Σ τ , while the components tangent to Σ τ are the components of the particle momentum density on Σ τ . These 4 first class constraints say that the description of the N particles is independent from the choice of the foliation.
Therefore, in special relativity we can get a simpler description by restricting ourselves to foliations whose leaves are spacelike hyperplanes of Minkowski spacetime. Finally, if we select all particle configurations whose total 4-momentum is timelike (they are dense in the space of all possible configurations), we can restrict ourselves to the special foliation whose hyperplanes are orthogonal to the total 4-momentum: these hyperplanes, named Wigner hyperplanes Σ w τ , are intrinsically determined by the physical system itself (in this case N free scalar particles). It is shown in Ref. [1] , that at this stage all the degrees of freedom z µ (τ, σ), ρ µ (τ, σ), have disappeared except for the canonical coordinatesx As shown in Ref. [1] , the restriction to Wigner hyperplanes forces the Lorentz-scalar Wigner-covariant relativistic statistical mechanics can be developed on them as shown in
Ref. [1] .
Only 4 first class constraints remain on Wigner hyperplanes: i) one determines p 2 s in terms of the particle-system invariant mass; ii) the other 3 are
[ p W must not be confused with the space part of p On the Wigner hypersurface one can introduce any kind of instantaneous action-at-adistance interactions (without the complications of the N-times formalism) and to treat the problem of cluster decomposition in Newtonian terms.
Then in Ref. [1] the isolated system of N scalar particles with Grassmann-valued electric charges plus the electromagnetic field was studied in this way till the level of Wigner hyperplanes. One also found the Dirac observables with respect to the gauge transformations of the whole system and obtained the Wigner-covariant rest-frame version of the Coulomb gauge. In particular, this allows to extract from field theory the interparticle instantaneous Coulomb potential (which appears in the invariant mass as an additive term to the particle relativistic kinetic energies) and to regularize the Coulomb self-interactions due to the Grassmann character of the electric charges Q i , which implies Q 2 i = 0. However, the Hamilton equations of motion and their implications in the rest-frame instant form were not given. Moreover, even if there were some comments about the relation of charged particles with the Feshbach-Villars [5] formalism for charged Klein-Gordon fields with external electromagnetic fields, no clear connection was established.
In this paper we shall study the Hamilton equations on the Wigner hyperplane of the isolated system of N charged scalar particles plus the electromagnetic field in the pseudoclassical case of Grassmann-valued electric charges of the particles. We shall find therest-frame formulation of the Lienard-Wiechert potentials and the pseudoclassical regularization of the causality problems of the Abraham-Lorentz-Dirac equation. Each particle has its LienardWiechert potential, but it does not directly produce radiation because Q 2 i = 0; however, one gets a Larmor formula for the radiated energy containing terms Q i Q j , i = j, from the interference of the various Lienard-Wiechert potentials in wave zone and this is macroscopically satisfactory.
Then, we reformulate scalar electrodynamics, namely the isolated system of a complex
Klein-Gordon field coupled to the electromagnetic field, on spacelike hypersurfaces and we obtain its rest-frame description on Wigner hyperplanes. Following Ref. [6] , we give the Dirac observables with respect to the gauge transformations of the theory. Then, we evaluate the rest-frame reduced Hamilton equations and we apply to them the Feshbach-Villars formalism. Finally, we show that one can recover the previous constraints of chargede particles plus the electromagnetic field from this treatment of scalar electrodynamics, if one makes a strong eikonal approximation which eliminates the mixing of positive and negative energy solutions of the Klein-Gordon theory, which is induced by effects that, in second quantization, are interpreted as pair production from vacuum polarization.
In Section II we remind some results of Ref. [1] . In Section III we evaluate the reduced Hamilton equations in the rest-frame instant form. In Section IV we find the LienardWiechert potentials of the particles and we study their equations of motion, showing which is the pseudoclassical way out from the causality problems of the Abraham-Lorentz-Dirac equation. In Section V we study scalar electrodynamics on spacelike hypersurfaces and we find its rest-frame formulation; then we recast it in the Feshbach-Villars formalism and look for connections with the previous theory. Some final comments are put in the Conclusions.
II. PRELIMINARIES
In this Section we will introduce the background material from Ref. [1] needed in the description of physical systems on spacelike hypersurfaces, integrating it with the definitions needed to describe the isolated system of N scalar particles with pseudoclassical Grassmannvalued electric charges plus the electromagnetic field [1] .
Let {Σ τ } be a one-parameter family of spacelike hypersurfaces foliating Minkowski spacetime M 4 and giving a 3+1 decomposition of it. At fixed τ , let z µ (τ, σ) be the coordinates of the points on Σ τ in M 4 , { σ} a system of coordinates on Σ τ . If σǍ = (σ τ = τ ; σ = {σř})
[the notationǍ = (τ,ř) withř = 1, 2, 3 will be used; note thatǍ = τ andǍ =ř = 1, 2, 3
are Lorentz-scalar indices] and ∂Ǎ = ∂/∂σǍ, one can define the vierbeins
so that the metric on Σ τ is
If γřš(τ, σ) is the inverse of the 3-metric gřš(τ, σ) [γřǔ(τ, σ)gǔš(τ, σ) = δř s ], the inverse
We have
and
where
is the unit (future pointing) normal to Σ τ at z µ (τ, σ).
For the volume element in Minkowski spacetime we have
Let us remark that according to the geometrical approach of Ref. [4] ,one can use
, where N = g/γ = √ g τ τ − γřšg τř g τš and Nř = g τš γšř are the standard lapse and shift functions, so that
The rest frame form of a timelike fourvector p µ is
where η = sign p o . The standard Wigner boost transforming
The inverse of
, the standard boost to the rest frame, defined by
Therefore, we can define the following vierbeins [the ǫ µ r (u(p))'s are also called polarization vectors; the indices r, s will be used for A=1,2,3 andō for A=0]
which satisfy
The Wigner rotation corresponding to the Lorentz transformation Λ is
The polarization vectors transform under the Poincaré transformations (a, Λ) in the following way ǫ On the hypersurface Σ τ , we describe the electromagnetic potential and field strength with Lorentz-scalar variables AǍ(τ, σ) and FǍB(τ, σ) respectively, defined by
The system is described by the action [1]
where the configuration variables are
The action is invariant under separate τ -and σ-reparametrizations, since A τ (τ, σ) transforms as a τ -derivative; moreover, it is invariant under the odd phase transformations δθ i → iαθ i , generated by the I i 's.
The canonical momenta are [Eř = Fř τ and Bř = 1 2 ǫřšťFšť (ǫřšť = ǫřšť) are the electric and magnetic fields respectively; for gǍB → ηǍB one gets πř = −Eř = Eř]
are the energy density and the Poynting vector respectively. We use the notation ( π × B)š = ( E × B)š because it is consistent with ǫšťǔπťBǔ in the flat metric limit gǍB → ηǍB; in this
These constraints are first class [1] and their existence implies that the description of the system is independent from the choice of the foliation.
Since the canonical Hamiltonian is (we assume boundary conditions for the electromagnetic potential such that all the surface terms can be neglected; see Ref. [9] )
with
we have the Dirac Hamiltonian (λ µ (τ, σ) and λ τ (τ, σ) are Dirac's multipliers)
The Lorentz scalar constraint π τ (τ, σ) ≈ 0 is generated by the gauge invariance of S; its time constancy will produce the only secondary constraint (Gauss law)
The ten conserved Poincaré generators are
As shown in Ref. [1] , one can restrict himself to foliations whose leaves are spacelike hyperplanes with constant timelike normal l µ , by adding the gauge-fixings 
Then, if one restricts himself to configurations with p 
As said in the Introduction,x
and π τ (τ, σ) are Lorentz scalars, while A(τ, σ) and π(τ, σ) are Wigner spin-1 3-vectors.
As shown in Ref. [1] and as it is shown in Section V for scalar electrodynamics, one can eliminate the electromagnetic gauge degrees of freedom and reexpress everything in terms of the Dirac observables:
for the particles [they become dressed with a Coulomb cloud]; iii)θ *
. This is the Wigner-covariant rest-frame Coulomb gauge. The reduced form of the 4 remaining constraints is
Note that in this way one has extracted the Coulomb potential from field theory and that the pseudoclassical property Q 2 i = 0 regularizes the Coulomb self-energies.
III. REDUCED HAMILTON EQUATIONS FOR THE ELECTROMAGNETIC FIELD AND THE PARTICLES.
Let us add some more results regarding N scalar electrically charged particles plus the electromagnetic field in the rest-frame instant form of the dynamics [1] .
Let us first consider N scalar free particles, which are described by the following 4 first class constraints on the Wigner hyperplane [on it the independent Hamiltonian variables are:
.,N; the other basis for the particles is (
If we add the gauge-fixing
its conservation in τ will imply λ(τ ) = −1. Going to Dirac brackets, we can eliminate the pair (T s ,ǫ s ). The Hamiltonian giving the evolution in the rest-frame time τ = T s will be
The associated Hamilton-Dirac equations arė
The first line in invertible to give the momenta
so that the associated Lagrangian is [ λ(τ ) are now Lagrange multipliers]
The Euler-Lagrange equations are
Let us remark that there is no equation of motion for the variables ( z s , k s ) [the only left variables pertaining to the Wigner hyperplane]: this means that they are Jacobi data independent from τ = T s .
In the free case one knows that by adding the gauge-fixings [its conservation imply
one can eliminate, by going to Dirac brackets, the variables ( η + , κ + ). Now the N particles are descibed by N-1 pairs of variables ( ρā, πā) relative to the center of mass and there is no constraint left. The Hamiltonian for the evolution in the rest-frame time τ = T s is
and the Hamilton equations arė
However, this completely reduced description has the drawback that it is algebraically impossible to get explicitely the associated Lagrangian. Only in the case N=2 with m 1 = m 2 = m one gets
This result shows that there are kinematical restrictions on the relative velocities, which, not being absolute velocities, can exceed the velocity of light without violation of Einstein causality.
Let us now study the case of N charged scalar particles plus the electromagnetic field on the Wigner hyperplane after the addition of the gauge-fixing T s − τ ≈ 0. The Hamiltonian
whereˇ κ i ,ˇ A ⊥ ,ˇ π ⊥ , are the electromagnetic Dirac observables. The Grassmann-valued (Dirac observable) electric charges of the particles are
The Hamilton-Dirac equations arė
In the second equation we have already used the following inversion of the first equatioň
The Hamilton-Dirac equations for the fields arė
The associated Lagrangian is
and its Euler-Lagrange equations are
The Lagrangian expression for the invariant mass H rel is
Eq.(47) may be rewritten as
where the notationĚ
Let us remark that Eqs. (51) and (48) 
Due to the projector P with the open problem of how to define an initial value problem.
The equations identifying the rest frame become
IV. ELECTROMAGNETIC LIENARD-WIECHERT POTENTIALS.
Eqs.(53) can be resolved by using the retarded Green function
and one obtainš
where 2A ⊥IN (τ, σ) = 0 is a homogeneous solution describing arbitrary incoming radiation.
Let (τ, σ) be the coordinates of a point z µ (τ, σ) of Minkowski spacetime lying on the Wigner hyperplane Σ W (τ ), on which the locations of the particles are (τ,
. The rest-frame distance between z µ (τ, σ) and
Let τ i+ (τ, σ) [the retarded times] denote the retarded solutions of the equations
The point z µ (τ, σ) lies on the lightcones emanating from the particle worldlines at their points
ing the timelike and spacelike unit vectors associated with z µ (τ, σ) − z µ (τ i+ (τ, σ), σ) and σ) ) denote the rest-frame retarded distance between the points z µ (τ i+ (τ, σ), σ) and the points x 
Then, we have
Eq.(57) can be rewritten aš
whereˇ A ⊥(i+) (τ i+ (τ, σ), σ) is the rest-frame form of the Lienard-Wiechert retarded potential produced by particle i [its Minkowski analogue, i.e. the relativistic generalization of the
]. Since we are in the rest-frame Coulomb gauge with only transverse Wigner-covariant vector potentials, A ⊥(i+) (τ i+ (τ, σ), σ) has a first standard term generated at the retarded time τ i+ (τ, σ) at τ, σ) ), which is, however, accompanied by a nonlocal term receiving contributions from all the retarded times −∞ < τ i+ (τ, σ ′ ) ≤ τ ., which is due to the elimination of the electromagnetic gauge degrees of freedom [this is the origin of the transverse projector]. If we put theˇ A ⊥(i+) (τ i+ (τ, σ), σ)'s in the particle equations (52), withˇ A ⊥IN (τ, σ) = 0, then the equations of motion become integro-differential equations like the ones generated by a Fokker action.
To evaluate the electric [ˇ E ⊥ = −˙ A ⊥ ] and magnetic [ˇ B = − ∂ ×ˇ A ⊥ ] fields produced by
A ⊥(i+) (τ, σ), we need the rule of derivation of 'retarded' functions g(τ, σ; τ i+ (τ, σ)). From
. Therefore, by introducing the notation
we get
so that [using
The particle equations of motion (51), the definition of the rest frame (49) and the conserved relative energy (50) have now the following form
The property Q 2 i = 0 has been used in these equations and it will be used also in what follows. Besides the divergent Coulomb self-interaction it eliminates other divergent terms.
By using the equations of motion, it is verified that E rel is a constant of the motion
where we used the formula [V is a sphere in the Wigner hyperplane and S = ∂V its boundary with outer normal n; in Eq.(67), S ∞ is the limit of S when the radius of the sphere goes to infinity]
In the nonrelativistic limit |˙ η i (τ )| << 1 and in wave zone [τ i+ (τ, σ) → τ ,
so that the "Larmor formula" for the radiated energy become [
The usual terms Therefore, at the pseudoclassical level, there is no radiation coming from single charges, but only interference radiation due to terms Q i Q j with i/not = j. Since it is not possible to control whether the source is a single elementary charged particle (only macroscopic sources are testable), this result is in accord with macroscopic experimental facts.
For a single particle, N=1, the pseudoclassical equations (66) and (67) become
The first of Eqs. (71) replaces the Abraham-Lorentz-Dirac equation [see for instance Ref.
[10]] for an electron in an external electromagnetic field [Q = eθ
The e 
If we define the transformation τ = τ
and the equation of motion for the transverse vector potential and its solution
is the retarded solution of the delta-function and we define the
) and the associated ρ ′ i+ , we geť
Therefore, one could recover all the previous results with λ(τ ) =˙ g(τ ) = 0. Following Ref. [12] and in particular Refs. [13] [14] [15] , one can substitute retarded particle coordinates and velocities with instantaneous [in τ ] coordinates and accelerations of all orders. There are two methods for doing this in Refs. [13] [14] [15] . It would be interesting to check whether (with one of these methods) one can confirm in a Wigner-covariant way the non-covariant result of Gordeyev that starting with an instantaneous expansion in accelerations of retarded equations one gets instantaneous actions for the accelerations of the type 1 2 (retarded + advanced), but with the advanced part being a total τ -derivative (so that it does not contribute to the equations of motion). See also Ref. [16] .
Let us note Ref. [17] is the only attempt to study the Dirac constraints originating from actions depending from accelerations of all orders [and, assuming they are equivalent to 
How, also forgetting the last term, to reexpress it only in terms of particle coordinates and momenta [this problem is connected with the previous one of the Hamiltonian formulation of Fokker actions]? How to check with a 1/c 2 expansion whether the Darwin potential is already present without using 
For N=2 and m 1 = m 2 = m one knows the solutions [25] : there is a rosetta motion without spiral fall on the center.
Finally, in the electromagnetic case, the distribution function on the charge Grassmann
It satisfies the positivity condition only on analytic functions of the θ i 's
The classical theory is recovered by making the mean of Grassmann-valued observables with this distribution function. For the electric charges one has < Q i >=< e i θ * i θ i >= e i .
As noted in Refs. [8] , the processes of taking the mean of the equations of motion and then solving the classical equations [with the standard electromagnetic divergences and causality pathologies] or of solving the pseudoclassical field equations and then taking the mean [no divergences and no causality problems] do not commute. Since in the latter case there is a regularization of the electromagnetic self-energy, it would be important to learn how to quantize these solutions.
V. SCALAR ELECTRODYNAMICS ON SPACELIKE HYPERSURFACES
Let us consider the action describing a charged Klein Gordon field interacting with the electromagnetic field on spacelike hypersurfaces following the scheme of Ref.
[1]
where the configuration variables are . Therefore, the canonical momenta are
Therefore, one has the following primary constraints
and the following Dirac Hamiltonian [λ(τ, σ) and λ µ (τ, σ) are Dirac multiplier]
By using the Poisson brackets
one finds that the time constancy of the primary constraints implies the existence of only one secondary constraint
One can verify that these constraints are first class with the algebra given in Eqs. (125) of Ref. [1] .
The Poincare' generators are like in Eq. (28) . 
The configuration variables are reduced from
to the six independent degrees of freedom hidden in the orthonormal tetrad b If one selects all the configurations of the system with timelike total momentum [p 
with standard Dirac brackets.
The only surviving constraints are
Always following Ref. [1] , it can be shown that the Lorentz generators take the following
To make the reduction to Dirac's observables with respect to the electromagnetic gauge transformations, let us recall [9, 6] that the electromagnetic gauge degrees of freedom are described by the two pairs of conjugate variables
, so that we have the decompositions
In the gauge λ(τ ) = 0, the Hamilton equations are
The equations forφ * and π φ are the complex conjugate of those forφ and forπ φ * .
By using the results of Ref. [6] , we have the following inversion formulâ Using this formula, we get the following second order equations of motion
We see that the non-local velocity-dependent self-energy is formally playing the role of a scalar potential.
The previous results can be reformulated in the two-component Feshbach-Villars formalism for the Klein-Gordon field [5] [see also Ref. [26, 27] ]. If we put (τ i are the Pauli
the Hamilton equations for the Klein-Gordon field become
In the 2 × 2 matrix formalism we have
Since
(π φ * φ * −π φφ ) is the density of the conserved charge e/m (see the Gauss law), the normalization of Φ can be taken
As shown in Ref. [5] , when we put A ⊥ = K = 0, the free Klein-Gordon field has the
(τ 3 + iτ 2 ) + mτ 3 in the momentum representation and this Hamiltonian can be diagonalized (
Like in the case of the Foldy-Wouthuysen transformation for particles of spin 1/2, also in the spin 0 case the exact diagonalization of the Hamiltonian cannot be achieved in presence of an arbitrary external electromagnetic field [5] . Now, Eq.(102) has the following form after Fourier transform
If we put Φ(τ, p) = U( p)Φ U (τ, p) with the same U( p) of the free case, we get [see Ref.
[
In this paper we ended the rest-frame description of scalar charged, either particle or We left the signs η i of the energies of the particles arbitrary. Actually, we can put all signs η i = +1, with the classical antiparticles moving forward in τ and having opposite electric charge (opposite ratio charge/mass) with respect to the classical particles [28] [29] [30] .
We showed which should be the starting point for the connection with the two-body equations of Refs. [21] [22] [23] [24] : is the Darwin potential at order 1/c 2 already contained in our of the off-diagonal terms connected with pair production. Moreover, one should study the separation of positive and negative particle energies in the pairs of first class constraints of Refs. [21, 22 ] to see whether it is possible to get a 4 × 4 formalism generalizing Eq.(109) in this two-particle sector. One should obtain 4 first class constraints for the 4 branches of the mass spectrum for m 1 = m 2 [for m 1 = m 2 the situation is more complex [1] ] to be compared with the results of Ref. [1] , remembering that in general the theory of interacting particles on spacelike hypersurfaces is not completely equivalent to the one with mass-shell constraints [non-timelike branches of the mass spectrum are eliminated by construction on the hypersurface].
We also gave the rest-frame formulation of scalar electrodynamics and we showed that the approximation with scalar charged particles emerges in an eikonal approximation after a Feshbach-Villars reformulation.
Let us remark that in the electromagnetic case all the dressing with Coulomb clouds
[of the scalar particles and of charged Klein-Gordon fields in this paper and of Grassmannvalued Dirac fields in Ref. [9] ] are done with the Dirac phase η em = − The next step would be the elimination of the 3 constraints H p (τ ) ≈ 0 defining the intrinsic rest frame. This requires the introduction of 3 gauge-fixings identifying the Wigner 3-vector describing the intrinsic 3-center of mass on the Wigner hyperplane. However, till now these gauge-fixings are known only in the case of an isolated system containing only particles. When the center of mass canonical decomposition of linear classical field theories will be available (see Ref. [34] for the Klein-Gordon field), its reformulation on spacelike hypersurfaces will allow the determination of these gauge-fixings also when fields are present and a Hamiltonian description with only Wigner-covariant relative variables with an explicit control on the action-reaction balance between fields and particles or between two types of fields.
Finally, one has to start the quantization program of relativistic scalar charged particles plus the electromagnetic field in the rest-frame Coulomb gauge based on the Hamiltonian H rel of Eq.(42). On the particle side, the complication is the quantization of the square roots associated with the relativistic kinetic energy terms. On the field side, the obstacle is the absence (notwithstanding the absence of no-go theorems) of a complete regularization and renormalization procedure of electrodynamics in the Coulomb gauge: see Refs. [35, 32] for the existing results for QED. However, as shown in Refs. [1, 9] , the rest-frame instant form of dynamics automatically gives a physical ultraviolet cutoff: it is the Møller radius ρ = √ −W 2 c/P 2 = | S|c/ √ P 2 (W 2 = −P 2 S 2 is the Pauli-Lubanski Casimir), namely the classical intrinsic radius of the worldtube, around the covariant noncanonical Fokker-Price center of inertia, inside which the noncovariance of the canonical center of massx µ is concentrated.
At the quantum level ρ becomes the Compton wavelength of the isolated system multiplied its spin eigenvalue s(s + 1) , ρ →ρ = s(s + 1)h/M with M = √ P 2 .
